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ABSTRACT

The report analyzes the two-phase thrust bearing near the

axis of rotation where the radial pressure gradient is non

zero and the viscosity is negligible for the gaseous phase.

The analysis agrees with the previous work by Sparrow and

Gregg (2) for condensate thickness for the limiting case of

zero pressure gradient. With radial pressure gradients,

the condensate thickness is seen to have the chance of re-

evaporation due to the change of vapor temperature in the

radial direction. The sensitivity of the condensate thick-

ness to temperature difference is noted. This work is part

of the complete analysis of the two-phase thrust bearing

being studied.
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1.0 INTRODUCTION

The study presented in this report contains, the analysis of the two

phase, externally pressurized, thrust bearing in the area near the axis

of rotation. This area of the thrust bearing is considered to be Regions

II and III, as indicated previously in Reference 1. (See Figure 1.)

Sparrow and Gregg (2) solved the problem of condensation on a rotating

disk with no radial pressure gradient by using the similarity sub-

stitutions which Von Karman previously introduced for the rotating disk

problem, that is,

This is possible because the temperature boundary conditions at the inter-

face and disk surface are independent of the radius r. The substitutions

reduce equations (1) and (2) to differential equations in z only. The

condensate rate dependent on w is then seen to satisfy the temperature

boundary conditions, as well as the equations of motion.

Sparrow and Gregg solved the set of nonlinear differential equations by

computer, and noted that, if in equations (1) and (2) after the similar-

ity substitutions are made the inertial terms are neglected compared to

the viscous forces, the solution is easily evaluated. The results of this

formulation led to the results

A(-I7 = ()/C / (a)

The same problem can also be analyzed by using the approximate integral

method. (See Appendix.) This method again leads exactly to equation (a)

for the condition that / C.T- is small. The range of interest of this

parameter for the problem under study can thus be considered equivalent

to neglecting the inertial terms. The results of this analysis are shown

in Figures 2 and 3, and explained in the Appendix.
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The corresponding problem of a thrust bearing does not generally permit

the assumptions of zero radial pressure gradient. The acceleration of

the vapor flow in the radial direction does, in fact, have a pressure

gradient in the case of a bearing, thus requiring the consideration of

the pressure gradient and its effect on the condensate thickness and

temperature in the vapor.

2.0 ANALYSIS

The problem can be conveniently formulated in cylindrical coordinates,

where the coordinate of z is taken as the axis of rotation. Angular

symmetry is assumed, that is, 6/69 = 0. The physical problem is

represented by a rotating disk upon which condensate forms due to a

temperature difference between the surface of the disk and vapor.

Cross Section
of Condensate

The analysis of the two regions, that is, II and III, is done

simultaneously with the following assumptions:

1. Interface shear at h(r) between the vapor and liquid
u _ v

phases is assumed zero; hence, -z 
= L = 0 at z = h.

2. The radial pressure gradient, r, is the same for the

liquid and the vapor (that is, = 0) and for this

problem will be an assumed known function determined

solely by the vapor flow and geometry of the region.

-2-



2.1 Formulation of the Equations of

Motion, Continuity, and Energy

The equations of motion for an incompressible fluid in cylindrical

coordinates (3), with axial symnetry, can be written as

W1 L V4~-- Y ~ ~ ~-% ~ 1~ (1)

_._. = L/- 
(2)

1A'D1Afr (3)

The equation of continuity if

-/-2 A , - _ (4)

The energy equation can be written as

= 0(5)

which is the well known Nusselt approximation where dissipation is

neglected and the predominate mode of heat transfer is by conduction

axially across the condensate thickness.

At this point, it is well to consider a limiting condition of the

equations of motion and its effect on the formulation of the method

of solution.

This problem does not permit the similarity substitutions. However,

it can be formulated by using the momentun integral technique. The

assumptions that IN are made in addition

to the previous assumptions. Note that as )z--pa, due to symmetry, F -1

if no sources are present. Furthermore, if -O(A), the equations of

motion will permit the similar solutions of Von Karman (that is, L A,'/()etc).

The special case of A - 0, is that which was solved by Sparrow and Gregg.

-3-



The problem of condensation with . V will be formulated

for the general case where the inertial terms are not neglected.

The value of 2_ is assumed a known function of r. However,

since it has been shown in the case for ' .= 0 that neglecting

inertial terms in comparison to viscous terms was equivalent to

the case of small film thickness or low heat transfer rates,

this assumption will be made gubsequently.to simplify

the problem where the pressure gradient is non zero.

2.1.1 Momentum Integral Equations

for the General Case

Equations (1) and (2) , 'neglecting higher order

viscous terms (that is, k > DZ - ,etc°)

become t
~ __ _ z- -! ¢ 6

'024-* 1&-) -/(6)

From equation (4), w at z = h, can be written as

=" -~ (8)Va(aaC)s

Equation (6) can be integrated over the condensate

layer thickness, resulting in

where FYI,)--

and 614s 4~/i1

-4-



The following identities,

lb&I A 7.

and

-L (4k 2.4(14)

are substituted into equation (9 ) resulting in

IV k

,. ~A out" ff.t"(s

A Zr A.(15)

Similarly, equation 7, can be integrated, which results in

(16)

where

The following identities can be made:

~2zr~J ~~"~j(18)

/-
'.PYS( /(19)

rv jvd (20)
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(21)

where and (22a), (22b)

Using equations (18) -- (22b), equations (15) and (16)

can be written as

A- (o XL A Z7 (23)

and

+ ~ ( -TV) Vr--<) (24)

Equations (23) and (24) are thus the Momentum Integral

Equations for the case of rotational symmetric flow.

In order to solve these equations, velocity profiles for

both u and v, (hence, f and g) are assumed to be polynomials

in z.

2.1.1.1 Velocity Profiles

Radial Velocity Profile

The radial velocity profile f,, is assumed to be a fourth

order polynomial in q, where r= z/h.

Hence, Y(7 )iaa P d 4 (25)
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The conditions imposed on the radial velocity profile are

zO) U4O) )4 ,g' -

~sk ~,~:t 21 o = 0 -U) ~d~ c.g

In terms of f, and i

0 z

These boundary conditions are representative of the physical con-
ditions imposed, as well as satisfying the original differential equations.

Using the boundary conditions, the constants a, b, c, d,

are evaluated and are

a~ Z4 -(26a)

b (26b)

c= -z - (26c)

d i1,3 (26d)

where k,~ ( )f AJ, - ~Z) (27)
Tr Vfr

and k(28)

Finally, f becomes



Tangential Velocity Profile

Similarly, the tangential velocity profile can be written as

. - (30)

The boundary conditions are:

a I- arkL)

or in terms of g and r

7 - , =, - - ,

The constants evaluated are

a = /-S (31a)

b = S (31b)

c = 0 (31c)

d = -2S (31d)

e. S 5/ (31e)

where V4 d
.- s+- ZIV7.

Finally, g becomes

6
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Following the line of thinking similar to Bohlen-Holstein's

method, shape parameters can be introduced as in the

Karmen-Pohlausen technique. (3)

It will be apparent later that it was convenient to intro-

duce the so-called "shape parameters", which in this case

are defined as

TJ) (33)

K~= ~f~'(34)

K3  , (35)

< 4 . g (36)

Also, let OP (37)

Hence, K,- F() (38)

K,=Z Lv (39)

(40)

(41)
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From the definitions of ,,and S, which are

-tr (42)

-T T (44)

and S = /_ (45)

aid defining X1 = . . ) 4 - "

and 4 - L) 4 )) ,and S can be written in

terms of X,) 2 2 and )4 alone.

hence:

W4 4i (46)

X4- (49)

This is evident by the following relations:

(50)



and similarly,

.~ ~.z.A'4 - (51)

From the definitions, V 6 4*it is readily seen

that after integration

I0 *o 4Q (52)

_7_ -as~f -Fa 7 -. (3

(54)

AS 2 3 - S Dix-Sa 630 ~3024 To cf

18144 2.L.6 8 (55)

Hence, it is seen that the shape factors satisfy the

universal relationships, that is

K, Q Qb = E ) r z4 1(56)

2 V

(57)

(58)

K+
(59)



laving defined the shape factors Ki, their expression can be

introduced into the momentum integral equations.

Equation (23) can be written as

tt-&4 ;29-o -f&,,

+ ',,L,"J A /L (60)

Multiplying equation (60) by

and recalling the definttions of 6i (K4)) (Kih '/ %( ')

given by equations (52), (53), (54), and (55), and the relation

0,=( F ( (61)

one obtains, using the definition of = /

(hence, ", dO ,)the following equation

4 "T'o' + f, ( I)-LAI = F;(62)

Let

(63)

and (K ) + 4,
(64)

one obtains

--12-



In a similar manner, the second momentum integral equation can

be written as

2~7 (66)

where 7  (67)

97%6 (68)

(69)

from the definition K(*

one can obtain ~/~ k) ~ y /(71)

Equation (65) and (66) subject to the conditions of equation (70)

or (71) contain three unknowns; that is, U, V, and h.

Equation (71) is merely an identity introduced for convenience in

performing the numerical solution. The third equation needed for

the complete solution is one which is obtained by considering the

energy equation which relates the vilue h to the value U under the

temperature differentials imposed.

The final set of differential equations will appear as

d-/' - 2 (72a)

d~t (72b)

(72c)

where (72c) is obtained from energy considerations.
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These equations generalized to 'include energy equations correspond to the

Karmen-Pohlausen method, but in rotational symmetric coordinates.

2.2 Special Case: Viscous Forces Predominant

As mentioned before, the range of interest in the problem would

be that corresponding to the equations with no inertial terms.

If this is assumed, the following relationships are known:

S= 0 01
V 11+ 0V= ~

From equation (61)

tr z ) Zr(73)

But also from equation (60), neglecting the inertial terms,

- k'L (74)

Since ; 2, the function f becomes

C9 = y- (76)
j' M (77)

/ -14 -

-9 . f(78)
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Energy Equation

Using the Nusselt approximation, the energy equation is reduced

to the Fourier conduction law across the condensate thickness.

Hence, in the annular region of area 2?rrdr, the heat flow dq is

This exchange of heat is related to the amount of condensate

formed by the relationship

dl = > Q (80)
where is the amount of condensate added in the differential

area under consideration.

The flow of condensate in the radial direction is given by

(4 - 4771- / A Z(81)
whereiris the average velocity, radially.

Using equations (78) and (75), one obtains

a (82)

Defining F&) ) sd H

Therefore, since Q = q" (H, r)

-(84)

(85)

L rp (w)) 1+'W [2';(4~ + 1+4 ) (86)
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Using equations (84.), 5  (86' ad !79)tpC 7rz (r- rw)- Im t ,) ,

'1 j 3 L (87)

Making the following substitutions

- r- rw ~_r- 7,)
reduces equation '87) into the following form,

~ ~~H4)i#1)*~/~ (,1) .ZY/1))(88)

The Clausius-Clapeyron equation relates the pressure to the temperature,

namely w ,(89)

Integrating,

(90)

Hence,

Z(A km+P

TM 4 (91.)

Finally, one can let: =(N-/A 6) (92)

and obtain

______ X__ (93)

All that, is needed is to prescribe P(), and solve equation (93)

numerically. Note that at R-- 0) a ' Y -0 Ai /
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Particular Case: (P)r) Is Assumed Parabolic

A parabolic pressure distribution is assumed where P a + br2  (94)

The boundary conditions are:

rap 0.'1 (95a)

(95b)

H e n c e , ? - / + ( 4 7 2 ( 9 6 )

where -= _

PS '(97)

From equation (96), P)

P o
ADd

But, f(A) -L r p~

Hence, ~ PS4  ~ C"

(98)
Using equation (96), (97) and (98) results in

% a) (99)

+ +

(100)
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Equation (99) can be simplified further by letting . s's (/I;)resulting in

.F (101)

subject to the initial condition U(O) = 1.

Equation (101) can be solved numerically by using a Runga-Kutta.

integration procedure.

APPROXIMATE SOLUTION

Equation (101) possesses a solution which by general theory of first order

equations can be written as

ZJ~e J6 )e dj+ Lo's (102)

where 6(I.) (103)

c (1) i. f i) (104)

The integration of fP ' is not possible analytically, due to ev.

However, under certain conditions 5)may be simplified in the following

manner:

The value of the function ln (1- q) can be written as

" " /' )"-7 - ..... (105)

for -0.-i (,,,)

1 0 - ,TI

as compared to the exact value of 0.2225.
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If (frE'O since the maximum value of - I , the approximate

polynomial expression will be good for the full range oflfor se,8 's
For values of el,8 , the accuracy,-of course, decreases. However,

for estimation purposes, it is desirable to formulate the solution to

equation (101) analytically.

Using the approximation of equation (105), but omitting the cubic term,

transform equation (101) to

(106)

where ' a r-
-T )

-- A(107)

Since 14 . / p / , the denominator. of equation (106) can be

written as /Where E 4e /

Hence,1  A (I) . E,-KK O LY

neglecting higher order terms,

Hence, F(S)ur -)It4 (109)

Using the results of equation (109) in equation (102)

U MR Ji fL'7[ oL(~I L "P S *-coar (110)

Hence tT Cl) after integration becomes

____cc_- - [!L (fr1)Y-f -  (111)

Figure /7 shows a plot of -4Ii) with f as the abscessa and . as a

parameter.

-19-



3.0 DISCUSSION

The dimensionless condensate thickness for the special case of zero pressure

gradient is shown in Figure (3). The results agree extremely well with those

of Sparrow and Gregg (2). The distributions of condensate thickness for

various pressure gradients resulting from an assumed parabolic pressure

distribution are shown in Figures 4 to 15.

The results are divided into four sets at a constant pressure ratio and

varying source pressure. The abscissa of the curves is the dimensionless

radius ratio $. The ordinate of the curves is essentially the ratio of

dimensionless condensate thickness with pressure gradient to that of zero

pressure gradient, that is,

LI , o ? 2,-Td"j '/ (112)

'4

and 5 /

The curves of U versus the radius ratio- , show for a given value of

source pressure and pressure ratio, I *increases with increasing tempera-

ture difference and decreasing radius. As the radius ratio approaches zero,

the value of U1/4 approaches 1, independent of the temperature difference AT.

As the value of the angular velocityo , approaches zero, the value of U

becomes

14.

-20-



where K is determined as a function ofr, and Ar For values of jT large,

z I • Therefore,

An interesting aspect of the condensation in the central region of the

bearing can be seen by referring to Figure 18. Figure 18 shows a plot

of the dimensionless condensate thickness 0 'versus the temperature dif-

ference rs- 7 w at S = 1 for various pressure ratios and at a constant

source pressure of 200 psi. From this curve, it is readily seen that the

height of the condensate layer at the outer radius of the central region

is very sensitive to the temperature difference. For a given pressure

ratio o( , a narrow range of 4Fexists at the extremes of which the bearing

will respectively be dry or attain a maximum thickness of condensate at

the exit of this region. This effect of temperature difference on the con-

densate layer can thus cause extreme variation in the operating character-

istics of a particular bearing.

Figures 4 through 19, also indicate that for a given source pressure and

pressure ratio there exists a temperature difference such that the conden-

sate layer becomes zero at = I. These points are plotted in Figure 16,
where the ordinate is chosen at 7w' instead of sT, the abscissa being

the pressure ratio. At a constant source pressure, hence a constant source

temperature, as 7w -s, & - O and hence a dry condition is prevalent

at 1 = . As 1S 4 JV gets larger, a fully wet bearing at = can result.

Hence, for any constant source pressure FS , Figure 16, shows that If 7/AT

is above the curve, a dry bearing will always exist atI = 1, the reverse

being true, if the ordinate is below the curve,

-21-



The effect of L versus 5 in Figures 4 through 15 shows that for a

given , especially where this hrleads to a dry bearing at I less than

1, that the values of V change, very rapidly near the point where

reevaporation occurs. An explanation of this fairly rapid change in con-

densate thickness can be attributed to the effect of condensate "thin-

ning" caused by a temperature difference which is now negative (that is,

the disk temperature is higher than the vapor at the particular radius)

and the continuously applied centrifugal force. Before the temperature

reversal, these two effects opposed each other, that is, thinning down

of the condensate increases the condensation rate. When this point is

reached, these two effects are additive in the sense that they both work

in the same direction.

The condensation process as formulated in the report proceeds until the

point is reached where the saturation temperature of the vapor is

equal to the given wall temperature. Beyond this point the validity

of the present analysis is in question. The present equations predict

reevaporation over a small radial increment which also infers a ne-

gative temperature difference between the wall and interface. This

Pituation that occurs where the liquid temperature at the wall is

greater than the vapor temperature is in disagreement with the initial

assumptions of thermodynamic equillibrium. A new self consistent

physical model needs to be formulated for the evaporation process.

Whereas the present analysis cannot be depended on to describe the

evaporation process precisely, it does suggest that the evaporation

takes place in a small radial distance. The existence of a superheated

fluid at a temperature above the corresponding saturation temperature

is a phenomenon which is attributed to a process which is not in thermo-

dynamic equillibrium but rather one where a boiling process is prevalent.

-22-



4.0 CONCLUSIONS

1. For a given degree of subcooling, the condensate film thickness

near the axis of rotation is strongly dependent on the magnitude of the

radial pressure drop (See Fig. 18). Hence, the ratio of mass flow be-

tween the liquid and the vapor phases entering the bearing region is in-

fluenced by both these parameters.

2. The limiting case of zero radial pressure gradient is obtained

from the present analysis which agrees with the work of Sparrow and

Gregg (2).

3. The limiting case of zero angular velocity reduces to the case

of condensation in axisymmetric flow. The results for this case can

readily be obtained by using the same curve in this report as pointed

out in the Discussion.

5.0 RECOMMENDATIONS

1. The results contained in this analysis can be used as the initial

conditions for the two phase lubrication equations which are derived in

reference 1.

2. The present analysis is applicable to the rotating condenser.

Further study of the implications of the analysis to a condenser should be

evaluated.
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NOMENCLATURE

(All dimensional quantities are in consistent units)

C Specific Heat

h Condensate Thickness

h* Displacement Thickness of Condensate, Defined by Equation (52)

k Thermal Conductivity

q Heat Flow

r Radial Coordinate

u Radial Velocity

v Tangential Velocity

w Axial Velocity

z Axial Coordinate

H Dimensionless condensate thickness, r h

M Molecular Weight

P Pressure

P Source Pressure
s

P Final Pressure
0

P Prandtl Number
r
Q Mass Flow

R Gas Coolant

T Temperature

T Source Temperature5

T Final Temperature0

T Disk Temperaturew

Dimensionless Temperature

-24-



P
C( Pressure Ratio, --

s

Dimensionless Thickness, =

6 ~- Dimensionless Parameter, = $

? Density

Dimensionless Radius, = 7A

.. Kinematic Viscosity

Angular Velocity

Heat of Vaporization

Shearing Stress

-25-
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APPENDIX

The case of condensation on a rotating isothermal surface can be analyzed

using the approximate integral method, which leads to a solution which is

in agreement with that by Sparrow and Gregg. (2)

Since the pressure gradient is zero, (that is, F(r) = 0), equation (15)

can be written as

and equation (16) as

Defining "'.) h, being the condensate height, (in this case, a constant),

and letting

u = A Fy:) -= ATF (1-3)

V A V)(1-4)

U t &co (1-5)

v = ".uto (1-6)

Equation (I-1) becomes

j 3Fd~- .~4J~3 4~ ~(1-7)

an4 equation (1-2)

-27-



The velocity profiles F (T)and G f) are assumed to be polynomials, which

satisfy the boundary conditions and the original differential equations.

Assume ,F(T) to be a fourth order polynomial, that is,

r~)= & 4 '* rI ri (1-9)

The conditions'.which govern the constants a, b, c, d and e are:

F (0) =0 (I-l0a)

F'(0) 0 (1-l0b)

F'(1) 0W(I1c)

F''(1) =0 10 ld)

F'''(0) C) (I-l0e)

Thus,

The tangential velocity profile G(S) is determined by

G t%) = a + bS+ c3"Y1 -4:' subject to the conditions (1-12a)

G(O) W., (1-1 2b)

G(l) O (I-12c)

G'(1) =0 (I-12d)

G''(0) =0 (I-12e)

tsG ()( 7(1-13)
Substituting equations (I-11) and (1-13), and their corresponding

derivatives into equations (1-7) and (1-8) and performing the corresponding

intergrations, result in

3 r L Jos TJ /,4.0 -.O' (1-14)

ova T- -5 L ~ 78]
/O7 4-0 AlI (11

where R, 3i'

-28-



The total mass flow in the radial direction is given by

Se 7T'AJ ' i ATs) 0
but Zd,) #L4)(1-17)
where 3 T~ ± 3 - 3 ) S

Substituting equation (1-17) into equation (1-16)

Since (2M*Ad/ (1-19)

and

2- ft d_________7- 7

J (1-20)

Evaluating equation (1-20) in terms of H,

where 2 A 7- (1-22)

A PA.

The solution of H, ot, and A as a function of are sought which can be

determined uniquely from equations (1-14), (1-15), and (1-21).

Simplified Solution

Equations (1-14) and (1-15) are considerably simplified if H is

considered small, compared to unity.

Equation (1-14) reduces to

_= '3 - &-0() * - o(/-, (-23)

and equation (1-15) reduces to

9(1-24)
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This results in (1-25)-

( 42  (1-26)

Substituting these results into equation (1-21)

H = . e)4 L (1-27)

1 = 3/e) / - 6)(1-28)

at= 'rla 6) (1-29)
The results agree with the work of Sparrow and Gregg, as shown by

equation (0) of this report.

A solution for large values of H was performed numerically by

solving forband from equations (1-14) and (1-15) for values

of H. The value of A5(H) from equations (1-14) and (1-15) were

solved graphically with equation (I-2,0 which involved versus H

for various values of Q. This solution is shown in Figure 2.

The intersection points were cross-plotted to obtain Figure 3,

whereOL, A , and H are shown as functions of •
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